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Abstract: 

This work extends cubic B-spline orthogonal collocation (OCFE) method to space, time and space-time 

fractional partial differential equations with KdV equation as a case study. We incorporate the θ method 

in time and cubic B-spline collocation method in space using Gauss points as collocation points. The 

method is unconditionally stable and gives approximate results that agree closely with the exact 
solutions. 
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1. Introduction 

The numerical solution of the classical Korteweg-de Vries (KdV) equation have been sought 
via various methods in the literature. Some of these methods have been extended to solve the 
fractional case of the equation e.g Adomian decomposition method, spectral method and so on. 
The fractional Korteweg-de Vries (KdV) equation in space and time was solved in Momani (2005) 
using the Adomian de- composition method. A modified reduced fractional differential transform 
method was used to obtain the semi-analytic solution of time-fractional KdV equation in Saha 
Ray (2013). Space and time fractional differential equations were solved by variational iteration 
method in Momani et al. (2008). In Tauseef Mohyud‐Din et al. (2012), fractional KdV equation 
with space and time fractional order were solved numerically with homotopy analysis method. 
The authors in Appadu & Kelil (2023) used the standard finite difference to obtain the numerical 
solution of time-fractional KdV equation. Other methods used are homotopy perturbation 
method (HPM) in Wang (2007), residual power series method based on generalized Taylors series 
in El-Ajou et al. (2015), spectral collocation method in Khader et al. (2021) and linear B-spline 
functions in Lakestani et al. (2012). 

A numerical scheme for the solution of the time fractional Kortwege-de-Vries equation was 
developed in Zhang et al. (2017). The authors in Lu et al. (2020) used the fractional Elzaki 
projected differential transform method to obtain the numerical solution of the coupled 
fractional nonlinear KdV equation. The numerical solution of the fractional KdV-Burgers’ 
equation was obtained in Wang (2006) using the Adomian decomposition method. In Han et al. 
(2021), the authors applied Fourier spectral method to solve space fractional, variable coefficient 
and modified KdV equations. (Adetona, 2024) applied quadratic and cubic B-splines to solve 
differential equations. 
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To the best of the authors’ knowledge there are very few studies directed towards developing 
numerical schemes for solving the space-time fractional KdV equation. In this paper we develop 
the Orthogonal Collocation on Finite Elements (OCFE) method for solving the space-time 
fractional KdV equation. The OCFE method was popular in the engineering community in the 
seventies Finlayson (1974), Carey & Finlayson (1975)) and is particularly suited for problems 
whose solution exhibit steep solution profiles. In contrast to OSC (Orthogonal Spline Collocation) 
which solves the problem globally over the space domain OCFE method divides the domain into 
sub-domains (elements) and applies orthogonal collocation on each element. Naturally, this leads 
to a more robust way to handle problems posed on complex domains and having steep solution 
profiles. It is well known using OSC over the entire domain leads to oscillations in the numerical 
solution when high order methods are applied. We further emphasize that OCFE method is 
computationally efficient due to the following: 

 
• The use of splines results in sparse systems and the application of fast matrix solvers, 

 
• applying orthogonal collocation yields greater accuracy in the numerical approximation, 

• using finite elements allows greater flexibility which leads to more stable methods. 
 

The above features are usually present and useful to consider when solving time and space 
fractional PDEs. 

In this work, we use the cubic B-spline orthogonal collocation on finite element (OCFE) to 
obtain the numerical solutions of the space-time fractional KdV equation 

 

 
where 𝑢 = 𝑢 (𝑥, t), n and ` are constants and 6 (𝑥, t) is the source term. We also consider the 

space fractional case (𝛽= 1) and time fractional case (𝛼= 1). This work is organized as follows: 
section 1 introduces the KdV equation, section 2 describe the cubic B-spline OCFE method, section 
3 deals with discretization of the cubic B-spline OCFE for space fractional partial differential 
equation of order 0 < 𝛼 < 1, section 4 establishes the stability of the method, section 5 describes 
the discretization of the cubic OCFE for time fractional partial differential equation method of 
order 0 < 𝛼 < 1, section 6 illustrates our method with examples and section 7 concludes the work. 

2. Derivation of the cubic B-spline OCFE method 

Consider solving a partial differential equation of the form 
 

 
for 𝑢(x, t), subject to appropriate boundary conditions and an initial condition. We apply 

collocation in the spatial variable. 
 

Let the interval [a, b] be partitioned into 𝑁 finite elements with nodes given by 
where ℎ is the uniform interval spacing. For every interval [xi, xi+1], we transform the variable 

 

x to z ∈ [0, 1] by letting 
 

T 



he trial solution on the interval is denoted by 

 

 

 

 

Where 

 

The boundary condition on the ith and (i + 1) th interval are given by 
This leads to the equations 

 
Using the continuity equation (6) we may rewrite the trial solution on the ith interval as 
Using a single Gauss collocation point per interval, three boundary conditions and 

2(N − 1) continuity equations from (7) and (8), we obtain a system of 3N + 1 equations in 3N 
+ 1 unknowns. The solution of this system yields the coefficient function p j (t), j = 1, 2. . . 3N + 1. 

The   solution at the node xi is given by (𝑥𝑖, 𝑡) = 𝑝3𝑖−2(𝑡) . 

 

3. Discretization of the space fractional differential equation of order 0 < 𝛼 < 1 

U 

 

 

 

 

 

Let be the space fractional derivative of order 𝛼, 0 < 𝛼 < 1. 
 

We use the Caputo fractional derivative for the space fractional derivative of order 
𝛼 given by 

We substitute (10) in (11) and obtain 
where 



 
 

The fractional derivative can be written in the form 
 

Hence 
 



𝑥 

LHS of (17) is 

The boundary conditions are discretized by using (10). The whole system is then solved for 
the unknowns 𝑝𝑘, 𝑘 = 1,2, … ,3𝑁 + 1 and obtain the numerical solution from equation (10). 

4. Stability of cubic B-spline OCFE for KdV equation 

For 𝛽= 1 and 𝑔(𝑥, 𝑡) = 0 equation (1) may be written in the form 

Integrating (13) over the interval [𝑡𝑛, 𝑡𝑛+1] we have 
 

We shall apply the trapezoidal rule on the right hand side to obtain 
 

Using the quasi-linearization technique to handle the term 𝑢𝑛+1𝐷𝑎𝑢𝑛+1, we 
 

 
max 

Let 𝐾 = [𝑡𝑛, 𝑡𝑛+1] 𝑢 be a local constant that represents D in the nonlinear space term of 

equation (15) then dropring the subscript i 
 

 

 



 
LHS of (17) is 

 

 

(20) simplifies to 
 

(21) simplifies to 
 

 
and (24) becomes 

 



 
The RHS of (17) becomes 

Taking the ratio of (28) to (30) we have 

 
 

where 𝑆 = si n(𝑤). For 𝑥 small we shall use the approximation sin(𝑥) ≈ 𝑥 and cos(𝑤) ≈ 1. 
The summation in (31) then can be simplified as 

 

Hence (31) simplifies to 
 

Note that we assume that 𝑘 > 0 so that 𝑐3 and 𝑐4 are positive. It can be verified that |λ| ≤ 
1. Therefore cubic space fractional OCFE is unconditionally stable. 

A theoretical error analysis is beyond the scope of the paper. The interested reader can refer 
to (Adetona, 2024) for a complete error analysis in the fractional ODE case. A similar analysis may 
be obtained for the fractional PDE case in an analogous manner. 



5. Discretization of the time fractional differential equation of order 0 < 𝛽 < 1 

Suppose the time interval [𝑡0, 𝑡𝑓] is divided into M partitions such that 𝑡0 = 𝑡1 < 𝑡2 < . . . < 
𝑡𝑓−𝑡0 𝑡 = 𝑡  with ∆ = . The discretized form of the Caputo time derivative (0 < 𝛽 < 1) is 

𝑀+1 𝑓 

given by: 
𝑓 𝑀 

 

 

 
When 𝑖 = 1, we ignore the term of equation (32) that contains the summation sign. 

 

6. Numerical examples 

In this section we use the results of previous sections in the following cases of equation (1): 
Example 6.1: Consider equation (1) with 𝛼 = 1, 𝜖 = 6, 𝜇 = 1, 𝑔(𝑥, 𝑡) = 0. Momani et al. 

(2008), the initial condition 
 

and boundary conditions 
 

The exact solution to this problem is taken as the analytical result obtained in Momani et 

al. (2008). Note that when 𝛽 = 1 𝑢(𝑥, 𝑡) = 0.5𝑠𝑒𝑐ℎ2(0.5(𝑥 − 𝑡)). 

 
Here we have used the right hand rectangular rule for the term on the left hand side and last 

term on the right hand side of (1), and trapezoidal rule for the rest which is 𝑂(∆𝑡2). Further 
linearizing the non-linear term in time at 𝑥𝑖 results in 

 

 
where 0 ≤ 𝜃 ≤ 1. 3D plots of the solutions and errors of the numerical simulations with 

various values of 𝛽 when 𝑁 = 𝑁𝑡 = 50 and 𝜃 = 0.5 are displayed in Figure 1. 
In Figure 1, the errors decreases as the values of 𝛽 tends to 1. 

 



 

 
 
 

 

Figure 1: Numerical solution of 𝛽 = 0.25 (𝑡𝑜𝑝), 𝛽 = 0.5 (middle), 𝛽 = 1.0 (bottom row). 
 
 

Example 6.2: Consider the equation 

 

 

with  Momani et al. (2008), the initial condition 
 

 
and boundary conditions 

 

 
The approximate analytical solution to this problem obtained in Momani et al. (2008) is 

 

 
The numerical solutions and errors obtained for some values of 𝛽 when 𝑁 = 𝑁𝑡 = 50 and 

𝜃 = 0.5 are shown in Figure 2. In Figure 2, the errors decreases as the values of 𝛽 tends to 1. 
 

 



 
 

Figure 2: Numerical solution of 𝛽 = 0.25 (𝑡𝑜𝑝), 𝛽 = 0.5 (middle), 𝛽 = 1.0 (bottom row). 

 
Example 6.3: Consider the space-time fractional KdV equation (1) with  

 the initial condition 

 

and boundary conditions 
 

The exact solution to this problem is 𝑢(𝑥, 𝑡) = 𝑡𝑥3. The linearized form of (1) Is 
 



We calculate the convergence rate using the formula 
 

 

where 𝑒 = ||𝑢(𝑥𝑖, 𝑡𝑗) − 𝑈(𝑥𝑖, 𝑡𝑗)|| is the error, 𝑢(𝑥, 𝑡) and 𝑈(𝑥, 𝑡) are the exact and 

approximate solutions, respectively. 

Figures 3 shows the approximate solution for some values of 𝛼 and 𝛽. Table 1 shows the 
convergence rates for space fractional KdV equation i.e case 𝛽 = 1 while Figure 2 shows that of 
the time fractional case (𝛼 = 1). The convergence rates is approximately 2 in Table 1 while it is 
approximately 1 in Table 2. 

 

 

 
Figure 3: Numerical solution 𝛼 = 𝛽 = 0.25 (top), 𝛼 = 𝛽 = 0.5 (middle) , 𝛼 = 𝛽 = 1.0 (bottom row). 

 
 
 
 

Table 3 displays the convergence rates for the space-time fractional case where the values of 
𝛼 and 𝛽 are varied. In Table 3, 𝜃 = 0.5 gives the highest convergence rates and therefore gives the 
best approximation. Tables 4 and 5 show the infinity error norms when 𝜃 = 1 and 𝜃 = 0.5 
respectively, for 𝛼, 𝛽 ∈ {0, 0.2, 0.4, 0.5, 0.6, 0.8}. The infinity error norm for 𝜃= 1 in Table 4 is 
hundred times higher than that of 𝜃 = 0.5 in Table 5 using the same number of time and space 
step sizes. 



Table 1: Convergence rates for different values of 𝛼 when 𝛽 = 1, 𝑁 = 50 and Δt = 0.02. 
 

 
 
 

 

Table 2: Convergence rates for different values of 𝛽 when 𝛼 = 1, 𝑁 = 50 and Δt = 0.02. 
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Table 3: Convergence rates for different values of 𝜃 when 𝑁 = 50, 𝛼 = 𝛽 = 0.5 and ∆𝑡 =0.02. 

 

 

 

Table 4: Infinity error norms ( 𝐿∞ × 103) for different values of 𝛼 and β when 𝜃 = 1, N =50 and 
∆𝑡=0.02. 

 

 

 

Table 5: Infinity error norms 𝐿∞ × 105 for different values of 𝛼 and β when 𝜃 = 0.5, N = 50 and 

∆𝑡 = 0.02. 
 
 
 
 
 
 
 

 



 
 

 
7. Conclusion 

 
This work solves the space, time and space-time fractional KdV equations of order 0 < 

α < 1 using the cubic B-spline orthogonal collocation method in space and the finite 
difference method in time. The sparse nature of the cubic B-spline matrix and use of finite 
elements results is a computationally efficient scheme. The tabulated results show that the 
method achieves the best results which correspond to the least error and highest 
convergence rates when 𝜃= 0.5. The method is unconditionally stable and convergent. 
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